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We refer to irrotational 2D flow problems, that is 2D problems where the velocity has the direction opposite to the gradient direction of a scalar potential H. Some relevant examples are groundwater flow in isotropic medium, shallow water flow with negligible inertia terms or gravity wave models neglecting the effects of bed slope and viscous energy losses.
The corresponding initial boundary value problem can be written as:
   on   x [0, T]                                    (1,a),
H = H0    on  x [t = 0]                                    (1,b),
   on  x [0, T]                                     (1,c),
H = BD    on  x [0, T]                                   (1,d),
where H is the time dependent unknown variable, that is the scalar potential, R2 is the bounded spatial domain where the problem is defined,  is the boundary of  D and N are subset of  where respectively Dirichlet and Neumann boundary condition hold, BD and BN are given functions representing respectively the Dirichlet and Neumann conditions,  is the outward normal to the boundary domain. 
The proposed methodology follows a fractional time step approach, solving sequentially a prediction and a correction problem. A linear conforming P1 Finite Element Galerkin scheme is applied for the solution of the correction problem. The non linear components of the problem are concentrated in the prediction step, while the correction step leads to the solution of a linear system, of the order of the number of computational cells.
The prediction step is solved applying the MArching in Space and Time (MAST) methodology, recently proposed for the solution of advection dominated problems [1], as well as transport problems in saturated porous media with variable density [2]. MAST peculiarity is to solve at each time step one computational cell after the others according to a given order, such that the mean entering flux is known before the cell solution. This provides an unconditional stability with respect to the time step size, also for Courant-Friedrichs-Levy (CFL) number much greater than 1. 




Prediction and correction equations, to be solved along the time step from level tk to level tk+1, respectively are:
                                         (2),
with the given upstream boundary conditions of the original problem and the initial conditions computed at the end of the previous time step, and:
                                  (3,a),
(3,b),            (3,c),              (3,d),
with homogeneous upstream boundary conditions, given downstream boundary conditions of the original problem and initial condition . The index k marks the known time level and the index k+1/2 marks the solution of the prediction equation (2).
After spatial discretization, prediction step is solved by means of a Finite Volume MArching in Space and Time (MAST) scheme [1,2,3]. MAST has shown unconditional stability with regard to the time step size, also for CFL numbers much greater than one. In the prediction problem (2) the spatial gradients of the potential are assumed constant along the kth time step; it can be shown that this approximation changes the diffusive problem in a convective one, with only upstream boundary conditions. At each time step, the computational cells are ordered according to the decreasing value of  their potential and sequentially solved. It can be shown [4] that the convective system resulting from the spatial discretization of  Eq. (2) can be written in the following form:
          i=1,…,N                                                (4)                                                 
where the first term in the l.h.s of Eq. (4) is the sum of the fluxes  going from cell i to the neighbouring downstream cells j with , the second term represents the storage flux, and the r.h.s. is the sum of the mean (in time) incoming fluxes, computed from the solution of the previous neighbouring cells m with . After solution of each equation (4), the mean value of the flux going from node i to node j can be computed as:
                                      (5),
where the sum is extended to all the neighbouring cells with . We propose here to compute flux  as:
                                                      (6,a),
,    if    and                                                    (6,b),
,    if   and                                                    (6,c),
,    if   and                                                    (6,d),

where is the distance between nodes i and j and  is the distance between the circumcenter of each element m=1,2 sharing edge ij ( if the edge is on the domain boundary) from the same edge, that is:
                                                 (7),
where =  -1 or 1 if direction ij is respectively counterclockwise or not in element m.  are the circumcenter coordinates,  are the coordinates of the projection P12 of the two circumcenters on the common edge (see Fig.1). Coefficient  is equal to:





FIGURE 1. Circumcenters P1 and P2 of elements 1 and 2 sharing edge ij

The solution of the diffusive equations (3) allows the introduction of the downstream boundary conditions. Using the same spatial discretization adopted in equations (6)-(8) and a fully implicit time discretization, you get:
, i = 1,…,N                                  (9),
where:
, u = i  if  ,  u = j  if                                (10),
                                                                     (11),
the sums in Eqs. 9 are extended to all the neighbouring cells and Am is the area of the m-th triangle sharing node i.
The adopted space discretization is similar to the classical Galerkin finite element discretization. The Galerkin  discretization leads to Eqs. (4-10) if the element flux  (= + ):
                                                       (12,a)
computed in Eq. (6) from node i to node j in each element m, is changed with:
                                                      (12,b),
where is the average potential inside triangle m. This change has not effect in the case of constant water depth inside any acute triangle, but it can be shown to guarantee the monotonicity of the solution, along with the positive definite condition, in all the cases of  Delaunay triangulation (even with obtuse triangles). If Delaunay condition locally fails, it is necessary to set to zero the corresponding negative fluxes, to avoid negative eighenvalues in the linear system (9). 
The resulting linear system (9) is well conditioned, with a matrix that is always symmetric, positive definite and with extradiagonal negative coefficients. The implicit time discretization provides unconditional stability, along with artificial diffusion in the solution. The diffusive error is small because its magnitude is of the same order of the computed variable η, that goes to zero along with the size of the adopted time step.  
A major property of the proposed scheme is that in steady state condition the correction component vanishes for any arbitrary chosen time step size. This important property is due to the use of a single spatial discretization for the computation of both the convective and the diffusive fluxes and a corresponding exact balance of the source terms in the momentum equations. The same result, named as “conservation” property in some papers like [5], has been previously obtained in the solution of hyperbolic equations with explicit methods, based on the application of Riemann solvers, but subject to severe CFL restrictions.  

ZERO INERTIA SHALLOW WATER TEST

We solve Eq. (1) by setting:
(13,a)            h=H-z (13,b)
where z is the ground elevation, H is the water level and n is a known coefficient. A symmetric 1 m x 1 m domain has been discretized with an irregular triangular mesh, with 159 nodes and 272 elements. The n Manning coefficient is 0.025 s/m1/3 and the bottom slope is 0.005 in both the x and y directions. Neumann and Dirichlet boundary conditions, respectively on the two upstream connected and downstream connected sides, have been given. A symmetric triangular unitary inflow hydrograph, with peak equal to 0.5 m2/s at 360 s, has been given as Neumann upstream boundary condition along the two upstream sides. The initial condition is h=0. The Dirichlet water depth is kept equal to zero in the nodes of the two downstream sides along all the simulation time.
On the same mesh, six simulations with different time step have been carried out. Table 1 shows the time step size, the maximum values of the Courant number (CFLm) and the deviation m of the solution, between the 1st and i-th simulation, spatially averaged over all the domain. Stability and accuracy of the model are obtained also for very large Courant numbers. In this test case, if the maximum (in time) CFL is less than 70, the maximum deviation m is only 1.0%. Moreover, the mean CPU time per iteration seems only slightly affected by the size of the Courant number. If the Courant number is greater than 70 the stability of the model is still guaranteed, but  numerical diffusion provides a flattening and a deformation of the water depth versus time curve.

TABLE 1. Courant numbers.








In a second test four meshes have been  obtained from the refinement of the same original unstructured grid. See in Figure 11 the refinement scheme. For the first simulation a time step of 0.05 s has been used, with a maximum spatially averaged Courant number less than 3. In order to obtain a Courant number similar in each refined mesh, the time step has been halved in each refinement.

FIGURE 2. Refinement scheme.

The CPU time of the total simulation, for the computation of the convective step and the diffusive step, has been recorded for each mesh. Table 2 shows the CPU times rate of a single processor Intel 6400 2.13 GHz, per node and per time step. 




where N is the number of nodes and CP is the average CPU time per each time step, is only 1.12 in the proposed test.

TABLE 2. CPU times.






The third numerical test is focused on the order of convergence. Because test cases to be used for a comparison between analytical and numerical solutions in 2D transient conditions are not available, the following technique has been used. The following arbitrary function H=H(x,y,t) has been assigned by the authors on the same domain used in the previous experiments:
 
                               	(15),

where x and y are the domain point coordinates, t is the time and T=60 s. Given the solution H, the source term f in the r.h.s of Eq. (1,a) can be computed in each point and at any time by solving the l.h.s of the same equation. Observe that the proposed function H has zero flux along the two sides sharing the origin x=0, y=0 and the known downstream Dirichlet condition is assigned in the other two sides.
The same mesh refinement technique used to evaluate the computational speed of the proposed model has been used to compute its order of convergence. The relative error for each mesh has been estimated by equation (16) at the simulation time t =1000s.

                                                        (16),

where Hin e Hia are respectively (​http:​/​​/​www.wordreference.com​/​enit​/​respectively​) the numerical and the analytical solution in  node i and N is the number of the nodes. For the given refinement the rate of convergence is:

                                                             (17),

where m is the index of the original mesh and m+1 the index of the refined one. The Manning coefficient is 0.025 s/m1/3 and the following bottom elevation z inside the domain is assumed:

	               (18).

We adopted a time step equal to 0.0025 s for the initial mesh R0, corresponding to a maximum spatially averaged Courant number equal to 2.7. We also halved the time step in each refinement in order to maintain almost constant the Courant number from one refinement to the other.
The results, summarized in Table 3, show that water depths in the nodes are computed with a second-order convergence.
TABLE 3. Error for refined meshes
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